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ABSTRACT. Let 4 be a dual B’-algebn. We give a minimax formula for
the positive elements in 4. By using this formula and some of its consequent
results, we introduce and study the symmetric norms and symmetrically-normed
ideals in A.

1. Introduction. Let H be a (complex) Hilbert space and LC(H) the alge-
bra of all compact operators on H. Then LC(H) is a simple dual B*-algebra and
every simple dual B*-algebra is of this form. The minimax formula for the posi-
tive elements in LC(H) is well known and has many applications (see [2, p. 908,
Theorem 3] and [3, p. 25, Theorem]). In this paper, we present a generalization
of this formula to the positive elements in an arbitrary dual B*-algebra. Let a be
a positive element in a dual B*-algebra A and E the set of all Hermitian minimal
idempotents in A. We show that the singular values s,(a) of a can be calculated
by the following equations

§,(a) = max{lleae|l: e EE},

Sp+1@= min  max{llesell: e €E, ef;=0,i=1,2,...,n}
F1rofn€E

After establishing this formula, we give some applications. Let R, = (0)
and let R, be the set of all elements x = 2;'=1 x;f; in A, where x; €A and
J; € E such that f; =0G# /). We show that, for any element 4 in A, its singu-
lar values are given by

$,+1@=min{lla - bl: bER,} (@=0,1,2,...).

We also obtain that, for all elements a, b in A4,
k

K
zk: s,@+ )< Y s,(@)+ 3 s,(B) k=1,2...)
n=1 n=1

n=1

and
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k

k 3
II ss@<T]] 5,@ [] 5,60 *=1,2,...).
n=1 n=1 n=1

These inequalities were obtained by K. Fan and A. Horn for compact operators
on a Hilbert space (see [3, p. 48, Lemma 4.2]).

The properties of symmetric norming functions and symmetric norm (uni-
form crossnorm) in LC(H) are well known and have been studied by many mathe-
maticians (e.g. see [3] and [8]). In this paper, we introduce the concepts of sym-
metric norm and symmetrically-normed ideals for A. Let S, be the socle of 4.
We show that the class of all s.n. functions and the class of all symmetric norms
on S, generate each other.

Let @ be an s.n. function, A, the s.n. ideal generated by ® and 4 the
closure of S, in A,. We prove that AS) is a dual A*-algebra and the conjugate
space of Ag’) can be identified with A % where ®* denotes the s.n. function
adjoint to ®. The formulas established above are useful in the proof of
these results. We also remark that for the case A = LC(H), all these results were
known.

In this paper, our approach is elementary and basically algebraic. The tech-
nique in the proof of the minimax formula is quite different from that used in
[2] and [3].

2. Notation and preliminaries. Definitions not explicitly given are taken
from Rickart’s book [6].

For any set S in a Banach algebra 4, let 1,(S) and 7 ,(S) denote the left
and right annihilators of S in A4, respectively. Then A is called a dual algebra, if
for every closed right ideal R and every closed left ideal I, we have r, (I, (R)) =
Rand l,(r,(I)) =1 See [5] and [6] for some of its properties.

An idempotent e in a Banach algebra 4 is said to be minimal if ede is a
division algebra. In case 4 is semisimple, this is equivalent to saying that Ae (e4)
is a minimal left (right) ideal of A.

Let A be a Banach algebra. A bounded linear operator T on A is called a
right centralizer if T (xy) = (Tx)y for all x, y in A. For each a in 4, the oper-
ator L;: x — ax (x € A) is a right centralizer on 4.

In this paper, all algebras and linear spaces under consideration are over the
field C of complex numbers.

Notation. In this paper, A will denote a dual B*-algebra with norm ||« ||.

We shall use, without explicitly mentioning, the following fact: For any
orthogonal family {e,} of Hermitian minimal idempotents of 4, Z, e, x is sum-
mable in A, and especially when {e,} is a maximal family, x = Z,e,x for all x
in 4 (see [5, p. 30, Theorem 16] and [10, p. 442, Theorem 5.2]).

Let b be a normal element in 4 and Sp,(b) the spectrum of b in 4. Then
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it is well known that Sp , (b) is either finite or countable, and has no nonzero
limit points (see [1, p. 502, Corollary]). Let {e,} be a maximal orthogonal
family of Hermitian minimal idempotents in A such that e, b = be,, for all a.

By [6, p. 111, Theorem (3.1.6)] , each A, € Sp ,(b), where A e, = be, = e, be,,
and Sp,(b) — (0) C {A,}. Let X be a nonzero number in Sp,(b). If the set
{A,: A\, = A} has k, elements, then the number %, is finite and independent of
the choice of {e,} (see the proof of Lemma 2.3 in [11]). We call k, the
multiplicity of .. Let {A\,} = {A\,: A, # 0}. Then {A,} is countable and b =
Z,e,b=Z,\e,, where e, € {e,} with e,b = N e, (see [11]). It is clear that
{A, } is independent of {e,} and, if A, # A, for all n, then A, = 0. The numbers
A, are called the eigenvalues of b.

Now suppose a is a nonzero element in 4. Then a*a is a positive element
and so each nonzero number in Sp ,(a*a) is positive. Let {A,} be the eigenvalues
of a*a, arranged in decreasing order and repeated according to multiplicity. Then
A, =>0and \, — 0 asn — o, Let {e,} be a maximal orthogonal family of
Hermitian minimal idempotents of A such that e, a*a = a*ae,, for all . Then

*g = *® =
a*a = Z,a*ae, = Z \e, and

2.0 a=3 ae,,

where e, € {e,} with N e, = a*ae, (see [11]). Puts, (@) = VA,
DEFINITION. The number s, (a) is called the nth singular value of the ele-
ment a in 4.

REMARK. Since A, = [la*all = llall?, s,(@) = llall.
Let us put
2.2 [a] = 3 5,@@e,.

n
Then [a] = [a]* = (a*a)** (see [11]). Define two mappings W and W* on 4
into itself by

23) Wx =3 (5,0)) 'ae,x (x €4)
and "
(24) W =Y (5,@) le,atx  (x €A4).

Then we can show that W and W™ are right centralizers on A with || W[ = |W*||
=1, W[a] =aand W*a = [a] (see [11]). We shall refer to the operator W as
the partial isometry asssociated with a.

3. A minimax formula for A. Let 4 be a dual B*-a]gebra with norm ||« ||
and E the set of all Hermitian minimal idempotents in 4. Then by [6, p. 98,
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Lemma (2.8.6)] and [6, p. 261, Lemma (4.10.1)], every nonzero left or right
ideal of A contains some element of E.

LEMMA 3.1. Let M be a maximal modular right ideal and R a nonzero right
ideal of A such that M N\ R = (0). Then R is a minimal right ideal of A.

PrROOF. By [6,p. 98, Lemma (2.8.6)] , R contains a minimal right ideal 7.
Since M is maximal, it follows that M ® R =M @I = A. ThereforeR =1,

LEMMA32. LetM,M,, ... »M,, be maximal modular right ideals and e,
€25 - + « » €y 4y any mutually orthogonal Hermitian minimal idempotents in A. Then

GD M OMyN - M, N(e, +e,+++++e,, )4 #(0).

PrOOF. We use induction. If k = 1, the lemma follows easily from Lemma
3.1. Now suppose that the lemma is true for ¥ =n — 1. Since
(32) (em+l +em+2+... +em+P)
=(ey eyt omte  )epyy te,tecte,,,)

with1<m+p<n+1,weseethat(e, ., +e,,.,+°** te,p)AC

(e, +e; +eovte,, )A If there exists some e, EM, NM, N =+ + N M,

(1 <i<n), then (3.1) clearly holds. Therefore, without loss of generality, we
may assume that e, & M,. It follows from Lemma 3.1 that M, N + el)A
#0 (j=2,3,...,n+ 1). Hence for each j, there exists a Hermitian minimal
idempotent hi €M, N (e, + ej)A; clearly h; = (e, + e,-)hi . We claim that eh;
# 0. In fact, if e;h; = 0, then hi = e,h; € e;A. Therefore, by [6, p. 261, Lem-
ma (4.10.1)], e; = h; €M,; a contradiction. Hence e;h; # 0. If there exists
some 2 <p <n + 1 such that h,AN E,.#, hiA# (0), then h,, EhpA C
ZjaphjA. Hence h, = Z;, hpx; with x; € A. Then e, h, =

Zj*p eye, + ei)h]-xi = 0, which is a contradiction. Consequently, h,4 + h;A
+ e+ +h,, Aisadiect sum. Therefore by the proof of [1, p. 497, Theorem
2.2], we can find an orthogonal family {f,, f5,...,f, 41} of Hermitian mini-
mal idempotents contained in #,4 + h;A + <<+ +h,, , A. Hence by induction
hypothesis, M, "My N eee NM, N (f, +fy+ 2+ +f,, )4 #(0). Since
by (3.2),h; € (e, + e)AC (e, +e, +-+-+e,. )4, it follows easily that
(o+f3+ e +f DACM, N(e, +e,+++++e,, )4, and so (3.1)
holds. This completes the proof.

LEMMA 33. Let a be a positive element and e any Hermitian minimal idem-
potent in A. Then

(i) eae is positive.

(i) If Ne = eae, then X\ = ||eae]|.
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ProOF. (i). Write @ = h*h, with h € A. Then eae = (he)*(he) is positive.

(ii). It follows easily from [6, p. 261, Theorem (4.10.3)] that A = 0.
Therefore A = ||eae]|.

We now have the main result of this section.

THEOREM 34 (MINIMAX FORMULA). Let a be a positive element in a dual
B*-algebra A with singular values {s;@), 5,(a), . . . } and E the set of all Her-
mitian minimal idempotents in A. Then forn =1, 2, ... we have

§,(a) = max {|lezell: e EE}

§,(@) = min max {|lezell: e €E, fie = 0}
33) HEE

$,+1@ = min max {|lezell: e €E, ef, =0,i=1,2,...,n}.
fimeerfn€E

ProoOF. We write s, = s,(@) and a = Z,s,e, (see (2.2)). Since foralle €
E, lleaell < llall = s, and s, = |le,ae, ||, it follows that s, = max{lleaell: e € E}.
Now let f,, f,, ..., f, be any elements in E. Put M, = (1 -f)A(k=1,2,
.., n). Then by Lemma 3.2, there exists some & € E such that h €M, N M,
NeeeNM, N(e, +e, ++*+e,, )A Since h €M,, it follows that f h
=0(k=1,2,...,n). Alsoh=(e, +e, + <+ +e,, )h. Write hah = th
with ¢ = ||hah|l (Lemma 3.3). Then

(t—s,p)h=hale, +ey +-+°+e, ) )h—s,44h
=h(s,ey +s,65 o0 +5,. 06,00
— Sy4qhley Tey tooc ey )R
=(5y = Spyrdheh + (53 = sypqdhesh + 000+ (s — 8541 )heyh

Hence it follows from Lemma 3.3 and [6, p. 232, Lemma (4.7.4)] that
(t — 8,4 1)h is positive and so ¢ = ||lhah|| > s, ,,. Since hf, = 0, we have

G4 Sp+1 Smax{llezel: e €E, ef, =0,k=1,2,...,n}.

Suppose e EE withee, =0 (k=1,2,...,n). Then

e( > skek)e <|
k=n+1

=sup{lisge,ll: k=n+1,n+2,...}=5,,,.

n

DI |

k=n+1

lleael| =
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Also |le, 4 1@€, 4,1l = 5, ;. Consequently,
(35 Sp+1 = max {llecell: e EE, ee, =0,k =1,2,...,n}

Combining (3.4) and (3.5), we get (3.3) and this completes the proof.

REMARK. Let H be a Hilbert space and LC(H ') the algebra of all compact
operators on H. It is well known that LC(H ) is a simple dual B*-algebra. For
each Hermitian minimal idempotent e in LC(H), we can write e = (x ® x)/(x, x)
for some nonzero element x in H. Then for any Hermitian element T in LC(H ),
eTe = (Tx, x)e/(x, x). Therefore |leTe|ll = |(Tx, x)I/(x, x). Let f =
(¥ ®»)/(y, y) be any Hermitian minimal idempotent in LC(H). Then it is easy
to see that ef = 0 if and only if (x, y) = 0. Hence, Theorem 3.4 is a generaliza-
tion of [2, p. 908, Theorem 3].

The following corollaries are useful in the next section. They are known
for the algebra LC(H ).

COROLLARY 35. Let a be an element in a dual B*-algebra A. Then the
singular values s, (a) of a are given by

§,(@) = max {llae|l: e €E}

Spp1@= min  max{lleell: e €E, ef;=0,i=1,2,...,n}
fl""’anE

PROOF. This follows from Theorem 3.4 and the fact that [|lael|? = [|lea*ael|
= lle[a] %ell.

COROLLARY 3.6. Let a € A and T a bounded linear operator on A. If
s,,(Ta) are the singular values of Ta, then we have

$,(Ta) <|ITlls,@ (=1,2,...).

ProoF. Since || Tae]l < || T|| llaell, Corollary 3.6 follows easily from Corol-
lary 3.5.

COROLLARY 3.7. Let a and b be positive elementsin A. Ifa—Dbisa
positive element, then s,(a) =s,(b) (n=1,2,...).

PROOF. Let e €E. Then e(a — b)e is positive. Hence || eaell > ||ebell.

Therefore by the minimax formula, s, (@) = s,,(b).

4. Some applications of the minimax formula. In this section, by using the
minimax formula, we shall generalize some known results for compact operators
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on Hilbert spaces. As before, 4 will be a dual B*-algebta with norm || || and E
the set of all Hermitian minimal idempotents of 4.

Let R, be the sct of all elements x in 4 such that x = x, f;, + x, f,
+oeee+x, [y, wherexy, xy, ..., x, €A and f}, f,, . . ., f, are mutually
orthogonal Hermitian minimal idempotentsin 4 (n =1, 2,...). Put R, =(0).
Note that x, (k =1,2,...,n) canbe zeroandso R, _, C R,.

THEOREM 4.1. Let a be an element in a dual B*-algebra A. Then for n =
0,1,2,...,we have

@.1) $+1(@) = min {lla - b|l: b ER,}.

Proor. If n =0, then (4.1) reduces to s,(a) = llall. Suppose n > 1. Let
b=xfi+tx,f++x,f,ER,. fe€CEandef, =ef, =+~ =ef,
=0, then |laell = ||(@ - b)ell < |la — bll. Hence it follows from Corollary 3.5
that

42) Sppi@<lla-bdl @=12...)

Write [a] = Z;_, s,(@)e, and a = Z_ | ae, (see (2.1) and (2.2)). Put
a, = Z;_, ae;. Thena, ER, and

%
Y. eld 2ek

-]
2 e

a-a,l=
@3) R PEF =n+t
=l T st@e] =%+:1@-
k=n+1

Now (4.1) follows immediately from (4.2) and (4.3) and this completes the
proof.

REMARK. Theorem 4.1 is similar to [3, p. 28, Theorem 2.1].

The following result was obtained by K. Fan for compact operators (see
[3, p. 29, Corollary 2.2]).

COROLLARY 4.2. Let a, b € A. Then the following statements are true for
mn=1,2,....

D sy 4n_10@+b)<s,@) +s,0).

(i) Is,@) - s,(®) <lla - bll.

(iii) s, +,_1@d) <s,,(@)s,®).

Proor. Letu €R,, _, and v ER,_, be such that s, (a) = lla — ull and

5,(b) = lIb — vl| (see the proof of Theorem 4.1).
(i) Sinceu +vER,,,,_, (see [1, p. 497]), by Theorem 4.1, we have
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Smin—1@+ B <l@+b) — @ + V)l <s,,(a) + 5,(b)-

(ii) This follows immediately from (i).

(iii) Let w=>b — v and write u = x,e, +x,e, ++* +x,_,€,_,,
where ey, e,, . .., e, _, are mutually orthogonal elements in £. We claim that
uw€R,, _,. In fact, if e;w # 0, then by [6, p. 45, Lemma (2.18)], de;wisa
minimal left ideal. Consequently, we can write Ae,w + Ae,w + <+ + 4e, _ W
=A(fy tfy teco+fi),where 1<k<m-—1landf,f,,...,[f; are
mutually orthogonal elements in E' (see [1, p. 497]). Therefore uw ER,,, _,-
Since (@ —u)(b - v)=ab —av —uwandav + uw ER,, ., _,, it follows from
Theorem 4.1 that

S +n—1@P) < llab — (av + uw)ll < lla — ulllIb - vl
= §,,,(@)s,, (D).

This completes the proof.
By using Corollary 4.2 and the proof of [3, p. 32, Theorem 2.3], we have

COROLLARY 4.3. Supposea, b €A andr> 0. Iflim,_, . n"s,(@) =t
ard lim,_,, n"s,(b) = O, then lim,_, , n"s,(a + b) = t.

LEMMA 44. Leta €A(f, +fy + <+ +f,), wheref, f5, ..., f, are
mutually orthogonal Hermitian minimal idempotents in A. Then s, . ,(a) =
Sp4p2@=+-=0.

PROOF. Suppose this is not so. Then we can write a*a = Z¥_, s?

with n + 1 <k <. Since ;0% = 57(a)¢; and s;(a) # 0, it follows that ¢; €
A(fy +fy+e-+f) (i=1,2,...,k), which is a contradiction (see [1,

p. 497]). Hence the lemma is true.

LEMMA 4S5, Leta€Aand f,, f5, . . ., f any mutually orthogonal Her-
mitian minimal idempotents in A. Then
k

k
44 Y Ifef <Y s, (k=12...).
n=1 n=1
ProoF. Let {f;} be any maximal orthogonal family of Hermitian minimal
idempotents containing {f}, f5, ..., fyk}and F=f, +f, + <+« + fi.. Then
by Lemma 3.7 in [11] and Lemma 4.4, we have

k o
@9 X Ml = TIGEDSI< T 5,@F) = 3 5,(@F).
n= [} n=1 n=1

Since || F|| = 1, by Corollary 3.6, s,(aF) < s,(a). Now (4.4) follows easily from
4.5).
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The following lemma is a generalization of a result by K. Fan (see [3, p. 48,
Lemma 4.2]).

LEMMA 46. Leta, b€ A. Then

K K k
(4.6) Y 5,@a+p)<Y 5,@+ Y 5,00 *k=12...)
n=1 n=1 n=1
ProoF. Write [a + b] = W*@ + b) and [¢ + b] = Z,8,(a + b)e, (see
(2.2) and (2.4)). Then by Lemma 4.5, we have

k k k
Y s@a+b)=3 lle,la+bleli=3 le,W*@+ b)e,ll
n=1 n=1

n=1

4.7 k k
“.7 <3 e Wrac + 3 lle,Wbe,)
n= n=1

k * k *
<Y s,W+ 3 s,(W*b).
n=1 n=1

Since || W*|| = 1, (4.6) follows now immediately from (4.7) and Corollary 3.6.
By using Lemma 4.6 and the proof of [3, p. 49, Theorem 4.1], we have

THEOREM 4.7. Let a, b € A and f(x) (0 < x < =) a nondecreasing convex
function which vanishes for x = 0. Then

k k
Zl fG,@a+8)< Y fG,@)+s,0) *k=1,2,...).
n= n=1

Suppose a is a nonzero element in A with singular values {s,(@)}. Define

/
d, = (T 2@) " ©0<p<=)

n

and
lal, = s,(a).

For a = 0, we define lal, =0 (0 <p <e). Let 4,={a€4: Ialp < oo}
(0 <p < ). It has been shown that, for 1 <p <o, 4, is a dual 4*-algebra
which is a dense two-sided ideal of 4 and 4., = 4 (see [11]). We also obtain
that 4, is a proper H *-algebra with inner product (,) such that (x, x) = le%
and |ax|, <llalllx], (x € 4,). Also, for all x, y € 4, and a € A, we have
(ax, y) = (x, a*y)and (xa, y) = (x, ya*). For each a € A, we define a
linear operator L, on 4, by

4.8) Lix)=ax (x€A,).



290 PAK-KEN WONG

Then L, is a bounded linear operator on 4, with [|L,|l < llall. Hence L, €
B(A,), the algebra of all bounded linear operators on 4,. Clearly (La)' = La. .

LeEMMA 48. Let a € A. Then L, is a compact operator on A, and s,(a)
are the singular values of L,.

ProOF. Write a*a = Z, a*ae, = Z,s,(a)’e,. Let B be the closure of
{L,; a €A} in B(4,). Then B is a B*-algebra. Since L, LL, =KL, ,for
some constant k, it follows that L eq is a Hermitian minimal idempotent in B.
Let FEB. 1f FL, =0 forall a, then FL, x =0 forallx in A,. Hence Feyx
= 0. Since by [10, p. 442, Theorem 5.2],x = Zxe, in | * |,, we have Fx =
Z Fe,x = 0. Consequently F =0 and so {Lea} is a maximal orthogonal family
of Hermitian minimal idempotents in B. If M is a closed right ideal of B such
that M D {Lea}, then M D {Leab} forall b € A. Since L, = EaLeab in B, it
follows that L, € M and so M = B. Consequently the socle of B is dense in B
and so B is a dual B*-algebra (see [5, p. 20]). Since L. = Ensn(a)zLen, by
the proof of Lemma 2.3 in [11], we see that s,(a) are the singular values of L,.
Since La.a is a compact operator on 4,, so is L, by [6, p. 250, Corollary (4.9.3)]
and this completes the proof.

The following lemma is a generalization of a result by A. Horn (see [3, p.
48, Lemma 4.2]).

LeMMA 49. Let a, b € A. Then we have

Kk

k k
4.9 II s.@) =[] s,@ I:[l s,(0) (k=1,2,...).

n=1 n=1
ProoF. Write [ab] = Z, s,(ab)e, and let (,) be the inner product on 4,.
Since by Lemma 3.1 (iv) in [11], |e, |, = lle,ll = 1, we have
s2(@b), m=n,

(abey,, , abe,) = ([ab] %e,,, ¢,) = { ’ -

Now it follows easily from Lemma 4.8 and [4, p. 375, Theorem 2] that

ﬁ s2 (ab) = det [(abe,,,, abe,)]< IkI 2 (@) fI s2(b).
n=1 n=1

n=1
Therefore (4.9) holds and this completes the proof.
By using Lemma 4.9 and the proof of [3, p. 49, Theorem 4.2], we can
show that

THEOREM 4.10. Let a, b € A. If the function f(x) (0 < x < oo; f(0) = 0)
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becomes convex following the substitution x = e* (— o < t < ), then we have
Kk Kk
> fG,@) < Y fGs,@s,0) *=12,... ).
n=1 n=1

5. Symmetric norming functions and symmetrically-normed ideals. We use
the notation in [3, Chapter III]. Let c, be the set of all sequences & = {Si};’
of real numbers which tend to zero and ¢ its subset consisting of all sequences
with a finite number of nonzero terms. A real function ®(§) = ®(%,, &,,...),
defined on ¢ is called a symmetric norming (s.n.) function (or symmetric gauge
function) if it has the following properties:

@M 2% >0 (€6, E+0);

(II) for any real constant k, ®(k§) = |k|D() (¢ € c);

) e +n) < () + 2() (¢, nEC);

av) ¢@1,0,0,...)=1;

V) &¢,,&,...,§,,0,0,...)= (IE,-II, l%’jzl, cees I’;’,nl, 0,0,...),
where § = {21.} €cand {j,, j,, - . .,J,} is any permutation of integers 1, 2,

., n. See [3] for some of its properties and an equivalent definition.

As before, 4 denotes a dual B*-algebra with norm ||+ ||. Let A** be its
second conjugate space with the Arens product. Then it is well known that A**
is a W *-algebra and A can be identified as a *-subalgebra of 4** (e.g. see [7]
and [10]). The norm on A** is also denoted by ||+ |l. By [10, p. 439, Theorem
3.1], A is a two-sided ideal of A™*.

We shall make use of the formulas in § §3 and 4 to define and study the sym-
metrically-normed ideals.

DEFINITION. Let B be a subalgebra of 4 which contains the socle of 4. A
norm |+ | on B is called a symmetric norm (or uniform crossnorm) if the follow-
ing conditions are satisfied:

(i) lel = 1 for all Hermitian minimal idempotent e in A.

(i) If b € B and a € 4 such that s;(a) < ks;(b) for some constant k (j=
1,2,...), thena €B and lal < k|bl.

REMARK 1. B is a two-sided ideal of A**. In fact,let TEA** and g €
B. Since A is a two-sided ideal of A**, Ta € A. By Corollary 3.6, 5;(Ta) <
Tl sj(a). Therefore Ta € B by (ii). Similarly aT € B. Hence by (ii), we have
|Tal < || Tl lal and |aT| < | T||lal.

REMARK 2. Wehave [*|=]|*]lonB. Infact,let bEBandebe a
Hermitian minimal idempotent. Put @ = s,(b)e. Then s,(a) = 5,(b), 5,(@) =
$3(@) = +++ = 0. Hence by (ii), la| < |bl. Since by (i) lal = |s,(b)el = 5,(b) =
lIll, it follows that ||bll < |b].

REMARK 3. |laell = |ael and |leal] = |ea] for all 2 € A** and all Hermitian
minimal idempotent e. In fact, |ae| = |aee| < ||ael| le| = |lael|l. Hence we have
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lael = |laell. Similarly lea| = [leall. If A is a simple algebra, this property is
equivalent to the “cross property” in [8, p. 54, Definition 1 (iv)].

REMARK 4. Since sj(a) =5;(@*) = 5;([a]) = 5;([a*]) by Lemma 3.1 in
[11], it follows that B is a *-algebra.

REMARK 5. If g, b € B with s;(a) = 5;(b) for all j, then |a| = |bl.

Let S, be the socle of A. Then S, is a two-sided ideal of A**. In the
following result, we shall show that the class of all s.n. functions and the class of
all symmetric norms on S, generate each other.

THEOREM 5.1. If ®(§) is any s.n. function, then the equality

¢.1) laly = ®(s(@)) (@€S,,s@)= {si(a)})

defines a symmetric norm on S 4. Conversely, every symmetric norm on S , is
obtained in such a manner.

PrROOF. By Lemma 4.6 and [3, p. 75, Lemma 3.2(v')], we have
la + by, < ®(s(a) + 5(b)) < D(s(a@)) + D(s(b))
= IaIQ + Iblq)’

forallg, binS,. Since ®(1,0,0,...) =1, it follows that |el, = 1 for all
Hermitian minimal idempotents e. Property (ii) in Definition easily follows from
[3, p. 71, (3.1)]. Therefore (5.1) defines a symmetric norm on S ,.

Conversely, let | * | be a symmetric norm on S, . Define

(.2) @) =

n
2 &e
=1

where £ = {; };'_:l E€cande,,e,,.. ., e, are mutually orthogonal Hermitian
minimal idempotents. It follows easily from Remark 5 that (5.2) is well defined.
It is easy to see that ®() is an s.n. function and lalg, = lal (@ €S,). This
completes the proof.

REMARK. Some argument in the proof of Theorem 5.1 is similar to that
of [8, p. 65, Theorem 5] and [3, p. 78, Theorem 3.1].

Let B be a subalgebra of A with a symmetric norm |« |. If B is complete
in |+ |, then it is called a symmetrically-normed (s.n.) ideal.

REMARK. Since B contains the socle of 4, B is an A *-algebra which is a
dense two-sided ideal of A.

Let ® be an s.n. function with the natural domain c4, (see [3, p. 80]).
For each a in A4, let s(a) = {sl-(a) }. Define

(5.3) Ay = {a€A: s(a)Ecy}
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and

G4 lalg = ®(s(a)).

REMARK. By using the proof of [3, p. 80, Theorem 4.1], we can show
that A4, is an s.n. ideal with norm |alg,.
Two s.n. functions ®(§) and ¥(§) are said to be equivalent if

sup {PE)/T(E): £ €6} <o and sup {¥(E)/B(E): § €} < oo

(see [3, p. 76]).

REMARK. It is well known that a semisimple Banach algebra has a unique
norm. Therefore two s.n. functions ®(¢) and W(%) are equivalent if and only if
the s.n. ideal Ag and Ay, coincide elementwise.

Let (&) and @, (£) be the minimal and maximal s.n. functions (for defi-
nitions, see[3, p. 76]).

REMARK. Since [|all = s5,(a), it follows that A, coincides with 4 if and
only if & is equivalent to ®,,. Since lal, = Z7Z, 5,(a), it follows that 44, coin-
cides with A, if and only if ® is equivalent to ®,.

As before let S, be the socle of 4. Then A, contains S,. Let A{) be
the closure of S, in A5. We note that Ag’) may not be equal to A4 (see [3, p.
871). Clearly A{) is an 4*-algebra which is a dense two-sided ideal of A.

THEOREM 52. AS®) is a dual algebra.
PROOF. Let R, be given as in §4. For each a in 4, write [4] =

Z;_, 5y(a)e; and a,, = T, ae,. Thena, €R, and by (4.3), lla — a,ll =
Sy+1(@). Therefore by Theorem 4.1, for all T in R,, we have

(5.5) $,41@=1@+7T) - (T+a )l =s,,,,.,a+7T).

Hence by (5.5) and the proof of [3, p. 87, Lemma 6.1], we have

(5.6) min g - Kl = la - a,ly = $(5,4,), 5,4,0),...).

eRn
Since-S , is dense in Ag’) and each element of S, belongs to some R,,, it follows
that a, —ain |+ |o. Therefore by [5, p. 29, Lemma 8(3)], 4" is a dual
A*-algebra. This completes the proof.

6. The conjugate space of AL"). Let H be a Hilbert space with inner prod-
uct (,). Ifx andy are elements in H, then x ® y will denote the operator on
H defined by (x ® y) (k) = (h, y)x for all A in H.

LEMMA 6.1. Let {e,} be a net of Hermitian minimal idempotents in A
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such that {e,, } converges weakly to some element e in A**. Then e € A.

ProoF. Let {I, } be the set of all closed two-sided minimal ideals of A.
We note first that each e, belongs to some I,. Also if eq, €1y, and ¢, GIM,

then €y Ca, = 0. We divide the proof into two cases.

Case 1. Suppose each I, does not contain any subnet of {e,}. Let €a, be
an arbitrary element in {e,}. Then €, belongs to some I"o' Let {eﬁ} = {e,}
N I,\0 and {e,} = {e 1 - {eg}. Then {ey} is a subnet of {e,}. Since €€y
0, ey = 0. Since €qy i arbitrary, it follows that ee, = O for all . Therefore

e? = 0. Since e = e*, we have e = 0. Hence e € 4.

Case 2. Suppose there exists some /, which contains a subnet {e,} of {e,}.
It is easy to see that e € I; *the second conjugate space of I,. Since I, is a
simple dual B*-algebra, I, has the form I, = LC(H,) for some Hilbert space H,.
Also we can identify LC(H,)** with L(H,), the algebra of all continuous linear
operators on H, . Write e, = x,_ ® x, with x, €H,. Since llx Il = 1, we can
assume that {x_} converges weakly to some x in H,. Hence ((x, ® x,)y, 2) —
((x ®x)y, z) for all y, z in H. Since e, — e weakly in LC(H,\)" = L(H,), it
follows that (e, y, z2) — (ey, z) for all y, z in H. Thereforee =x ®x €I, C A
This completes the proof.

The following result is similar to [3, p. 85, Theorem 5.2].

LEMMA 6.2. Let ®(£) be an arbitrary s.n. function not equivalent to the
minimal one. If a and a, are positive elements in A** such that a, — a weakly
in A**,a, € Ag and M = sup,la,l, <, thena € Ay and |aly, <M.

ProOF. Leta, = E‘;? 5; @, )e(“) be a spectral representation of @, in 4
(see (2.2)). For any fixed posmve mteger n,let b, , E;'_l l(aa)e(“) Since

5i(a,) < |a,ly <M, there exist subnets {a;} and {e(ﬁ)} such that 5;(ag) — s;
for some nonnegative number s; and ej(B) —¢ weakly for some ¢; in A**. By
Lemma 6.1, ¢; €A4. Putb, = E" 1 5¢ andK = M/®(1, 1, ,1,0,...).
w—'
Then b, € A and n
lag = bonull = || = 56D |[=55410) <K, 4

j=n+1

Hence for all fin A* with || fll < 1, we have
(6'1) ‘aa(f) - ba,n(f)l <I(n-l-l N (n = l’ 2, L )-

Since a; — a and b, , — b, weakly in A™* by (6.1) we have
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@ = b,)(NI < Ia = a) (N + @@z = b YN + 1By, — B

<K,1:
for all f in A* with || fIl < 1. Therefore lla — b,ll <K, . Since K,,,; — 0
as n —> oo, it follows that b, —> a and soa €A. Therefore by (2.2), we can
write @ = 272 5;@f;. Lett; = sup, s;(a,) (j=1,2,...). Since

j=1"%j
D(s,(ay), 5,(@,), - - -5 5,(,), 0,0,...)<M,it fcllows that

oy, ty,...,1,,0,0,...)<M
Also by Lemma 4.5, we have

(6.2) L el < 2 56 < X gy

Since fia, f; is positive, f;a, f; = I f;a, £l f;. Similatly f;af; = Il fafll ;. Since
j}aa fi — fi“fi weakly in A**, it follows easily that || fjaa f}ll — | ];-af}ll. Hence
by (6.2), we have

n

T 0= DIl < X b

j=1
and consequently &(s, (), 5,(), . . . ,5,), 0,0, ...) <M. Therefore a € 4,
and this completes the proof.

REMARK. Some argument in the proof of Lemma 6.2 is similar to that
given in the proof of [3, p. 85, Theorem 5.2].

Leta € A;. Then by Theorem 4.3 in [11],a = c*b for some b, ¢ in 4,.
Define

6.3) tra=(0,¢c) @EA),

where (,) denotes the inner product in 4,. Let { f3} be a maximal orthogonal
family of Hermitian minimal idempotents in 4 and Ag fg = fzafs. Then by
Lemma 4.4 in [11], tr a is well defined, tr a = Z; @fy, fﬁ) =Zg )\3 and |tr a]
< lal,.

Let @ be an s.n. function and ®* be an s.n. function adjoint to ® (see [3, p.
125] and [8, p. 69]). By Theorem 4.10 and the proof of [3, p. 49, Corollary
4.1], we have

laxl, = 3 si(@x) < i 5(@) i 5i) (@ x € A).
j=1 j=1

j=1
Also for all a inAQ.,
- -1 «—
lal o = max Ixlg™ 3 5@s50)).
0¢XEA¢ =1

It follows that
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(6.4) Iaxll <Ia|¢clxl¢ (aEAq).,xeAd,).

Let (A{")* be the conjugate space of A("). We shall show that (45”))*
can be identified with 4 o The following result is a generalization of [3, p. 130,
Theorem 12.2].

THEOREM 6.3. Let (%) be an arbitrary s.n. function, not equivalent to the
maximal one. Then for each f in (Ag’))*, fis of the form

(6.5 fO=trax €A,

forsomeainAq,. and || fll = lala..

PROOF. Leta € A, and define f(x) = trax (x € AD)). Then by (6.4),

we have
1£Go)l = Itr ax] < laxly <lal o Ix],.

Therefore f € (A$)* and || fIl < lal j+. To show the converse of the inequality,
we put [a] = 22, 5;(a)¢; and a,, = Z_, ae;. Then

$*((a,)) = (5, @), 5,@), - . . ,5,(@),0,0,...).

Let & be the set of all nonincreasing sequences in ¢, each of which consists of
nonnegative numbers. Now by the definition of ®*, we can choose g =
{z,(")}'; € k such that (™)) =1 and 27, s,.(a)s,(") = &*(s(a,)). Putf; =
5(a)~2ae;a*. Then {f;} are mutually orthogonal Hermitian minimal idempo-
tents and [¢*] = 272, 5;(a) f; (see [11]). Let b, = Z%, (s}")/s,(a))a*f,. Then
ab, = =7, £s;(a)f; and so tr(ab,) = 1, z;")s,(a). Since b}, b, =
;‘=1(Ej(”’)2fi, we have 5(b,) = Ei(”) (j=1,2,...,n). Therefore

Ib,le = (s(b,) = BE™, ..., £7,0,0,...)=1
Also

£(B,) = tr(aby) = iﬁ £Ms,@)
=1

= &*(s, @), 5,@, . . . ,5,),0,0,...)
= &%(s(a,)) = gyl -

Since Ian|°. — lal(p. and |b,lg = 1, it follows that || f]| = Ialq,. and so they
are equal.

Conversely let f be a nonzero functional in (4$)*. Since |- |, < 1|, and
S, is dense in Ag’), it follows that f is a nonzero functional in A:. Hence by
Theorem 3.3 in [12], there exists some  in A™* such that
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6.6 f)=trax (x€EA4)).

We show that a € 4 o In fact, let {e,: A € A} be a maximal orthogonal family
of Hermitian minimal idempotents in 4 and let {E'y: ¥ €T} be the direct set of
all finite sumse,\l +e,\2 KRR +ehn (\,€EAandn=1,2,...). Then

IE Il = 1. Define £, on A4S by

6.7) ) =f&E) x€AP).

Then
f,&) = t1@E,) = tr(E, axE,) = tr(E, ax).
Since E,a €4 ot it follows from the first part of the theorem that |E. al ot =
I, <UfIl. Since A** is a W*-algebra, by [7, p. 27, Theorem 1.12.1], there
exists some u € A** with |||l = 1 such that [¢*] = au. Therefore, for all v,
we have
|E, [a*]1Eyl e = |EyauE, | o <IE al e <IIfll.

Hence by the Alaoglu theorem, we can assume that {E, [¢*] E. } converges
weakly to some b in A**. Since {E.,} converges weakly to the identity in A**,
it is easy to see that (E, [¢*] E, )e, —> [a*] e, and (E, [a*] E, )e)\ — be,
weakly in A**. Therefore be, = [a*]e, for all A and so b = [a*]. Hence
E, [e*]E, — [a*] weakly in A**. Therefore by Lemma 6.2, [s*] € 4 o+ and
so is a. This completes the proof.

We remark that some argument in the proof of Theorem 6.3 is similar to
that of [3, p. 130, Theorem 12.2].

7. Some special symmetrically-normed ideals. Let I = {ﬂi}‘;’ be an arbi-
trary binormalizing sequence (see [3, p. 141]). Put

Ap = 3a€A: sup[f_: 5;(a) Zn: "i] <eo§
n |Lji=1 j=1
and

Ag’)= 2ae,4: lim [i s(a) iél n,] =0§.

n—ro | j=1
THEOREM 7.1 A{P) and Ay are s.n. ideals of A such that AL) is a proper
subspace of Ay .
ProorF. This follows from the proof of [3, p. 141, Theorem 14.1].

COROLLARY 7.2. Ay is a modular annihilator algebra (for definition, see
[91), but not an annihilator algebra.
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PrOOF. Since Ay is a two-sided ideal of 4 and A4 is dual, it follows from
[9, p. 830, Theorem 5.2] and [9, p. 831, Theorem 5.3] that A is a modular
annihilator algebra. Since S, is the socle of A;; and S, is not dense in Apy, it
follows that Ap; is not an annihilator algebra.

Let ¢, be defined as in [3, p. 145]. Then ¢, is an s.n. function. Let 4,
be the s.n. ideal of A obtained from ¢_. Then by the proof of [3, p. 149, Theo-
rem 15.2], we have:

THEOREM 7.3. For the triple of spaces A§I°), A, and Ay, each space is the
conjugate space of the preceding one.
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